Observing an open FRW de Sitter universe living in a Minkowski spacetime. 
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We show that people living in a four dimensional Minkowski spacetime and located in the Fubini 
vacua of an unstable critical scalar theory, observe an open FRW de Sitter universe. 
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I. INTRODUCTION 

The WMAP results pj combined with earlier cosmo- 
logical observations shows that we are living in an acceler- 
ating universe. The currently observed lumpiness in the 
temperature of the cosmic microwave background is just 
right for a flat universe though there are also some evi- 
dences that our universe is spatially open 0. The great 
simplifying fact of cosmology is that the universe appears 
to be homogeneous and isotropic along a preferred set 
of spatial hypersurfaces Q . Of course homogeneity and 
isotropy are only approximate, but they become increas- 
ingly good approximations on larger length scales, allow- 
ing us to describe spacetime on cosmological scales by 
the Robertson- Walker metric. Constructing four dimen- 
sional de Sitter vacuum as a string theory (M-theory) so- 
lution has been a long standing challenge. An outstand- 
ing example of string theory models of de Sitter vacua are 
the KKLT models jj] with an exponentially large number 
of stable and metastable vacua without supersymmctry 
or with Af = 1 supersymmetry in four dimensions, the 
landscape 0. In KKLT models, metastable de Sitter 
vacua of type IIB string theory is constructed by adding 
D3-branes to the GKP Jjj model of highly warped IIB 
compactifications with nontrivial NS and RR three-form 
fluxes after certain fine tuning of the fluxes. 

Recently, we realized that it is possible to observe a 
de Sitter universe while living in a flat background. This 
proposal was the consequence of a simple observation: 
the fluctuations of the scalar field around the classical 
trajectory of an unstable massless </> 4 model in four di- 
mensional flat Euclidean spacetime is governed by a con- 
formally coupled scalar field theory in four dimensional 
de Sitter background Q. This classical trajectory is the 
Fubini vacua of the classically conformal-invariant scalar 
field theories. In 8] S. Fubini verified that critical scalar 
theories possess a classical vacua with 0(D, 1) symme- 
try in which the expectation value of the scalar field is 
non-vanishing. The motivation to study such a classi- 
cal vacua at that time was "to introduce a fundamen- 
tal scale of hadron phenomena by means of dilatation 
non-invariant vacuum state in the frame work of a scale 
invariant Lagrangian field theory" jSj. This result is in- 
teresting due to its uniqueness. In four dimensions, in 
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principle, one can consider two classes of critical (clas- 
sically scale-free ) scalar field theories i.e. massless c/f> 4 
models on Euclidean spacetime with g, the coupling con- 
stant, either positive or negative (we assume the poten- 
tial V{4>) = — 10 4 ). Although scalar theory with g > 
seems to be not physical as the potential is not bounded 
from below but in this case, the Euler-Lagrange equa- 
tion of motion has an interesting classical solution say 0o 
with finite action S[4>o] ~ 9~ l ■ For g < 0, one can still 
consider a solution like 4>o obtained by an analytic con- 
tinuation from g > to g < region. But such a solution 
is singular on the surface of a sphere which radius is pro- 
portional to g. Consequently the action S[4>o] is infinite 
and <f>o can not be considered as a classical trajectory. 
For g > it is shown in that the information geom- 
etry of the moduli space of 4>q given by Hitchin formula 
@ is Euclidean AdSs, 

Qijd&dB' = (df3 2 + da 2 ) , (1) 

where 9 1 6 {fj, a^} and I = 1, • • • , 5. The moduli here 
are a M 's the location of the center of 4>q and (3 which 
is proportional to the inverse of the size of <pQ. This 
resembles the information geometry of SU(2) instantons. 
In addition V((j)o) can be shown to be proportional to 
the SU(2) one-instanton density 01 . Interestingly, O is 
the bulk to boundary propagator in the AdSs geometry 
of the moduli space. 

In ref. we generalized the model to scalar theory 
coupled to U(l) gauge field. Such a generalization is es- 
sential as it shows how by optical observations people liv- 
ing in a flat Euclidean space observe a de Sitter geometry 
for their universe. In this model the massless scalar field 
is charged though we have not observed light charged 
scalars. This problem can be resolved noting that as 
we will show, in this model observations are made in a 
de Sitter background in which the scalar field appears 
to be conformally coupled to the de Sitter background. 
Therefore its mass is proportional to the scalar curvature 
R of the observed universe. Using the WKB approxima- 
tion, the lifetime of the observed de Sitter background 
is calculated in and is shown to be proportional to 
e 9 . (To my knowledge, this result is given for the first 
time in a beautiful paper by Coleman where (f>o is called a 
"bounce" HJ.) Consequently in the weak coupling limit 
g — > + the lifetime increases exponentially. 

In this paper we study the critical scalar theory on 
Minkowski spacetime. Here 4>q is singular on a hyperbola 
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in the timelike region which asymptotes to the lightcone. 
The total energy of 4>o , measured by an observer located 
at the center of 4>q is conserved and vanishing though the 
energy density is a function of space and time. The en- 
ergy density diverges in the neighborhood of singularity 
causing a gravitational collapse when the scalar theory 
is coupled to gravity. Fortunately the singularity is safe. 
On the one hand in Minkowski spacetime, the distance 
between the observers and the singularity is proportional 
to (3. On the other hand there is some mechanism of /? 
transition in the model: larger </> 's decay to smaller ones 
due to say thermal fluctuations around 4>q and finally 
there remains only a gas of zero sized bubbles which cor- 
responds to [3 — > oo. The mechanism of such transition 
is not clear yet but its phenomenology, probably is simi- 
lar to that of the discretuum of possible de Sitter vacua 
in KKLT models Therefore, for the most stable cj>o 
solution, the singularity is located at infinite future and 
is out of reach. Furthermore, from the observers point of 
view, the observable universe is an open de Sitter space 
which horizon is located on the singularity. Therefore 
they do not see the singularity at all for any value of (31 
Of course they should feel some back reactions when the 
scalar theory is coupled to gravity caused by the (3 tran- 
sition. The energy density p and pressure p that they 
measure are constants satisfying the dark energy equa- 
tion of state p = —p = A (8irG = 1), where A is the 
cosmological constant. A question here is the value of 
A or equivalently R, the curvature scalar. At classical 
level, R is not determined in the critical scalar model as 
is expected. Because the theory is classically scale free. 
The quantum theory is not scale free due to loop cor- 
rections. Therefore quantum corrections are the hopeful 
candidates to give the value of the observed scalar curva- 
ture. The details are not clear for us yet and we postpone 
it to future works. 



In Minkowski spacetime in the case of critical scalar 
model with negative coupling constant the singularity of 
0o is a hyperbola in the spacelike region which asymp- 
totes to the lightcone. One can easily verify that in this 
case the total energy for existence of 4>o is infinite. Thus, 
similar to the Euclidean case, one can conclude that 0o 
uniquely exists only in the unstable (g > 0) critical scalar 
model. 



The organization of the paper is as follows. In the next 
section we study the critical scalar theory on flat Eu- 
clidean background and determine the role of the moduli 
j3 in the stability of the solutions. We show that by re- 
casting the scalar theory in terms of new fields <f> — 4>—4>o 
at the end of the day one obtains a <fi 4 model confor- 
mally coupled to a de Sitter background. In section ITTT1 
we switch to the Minkowski spacetime by a Wick rota- 
tion t — > it and study the observed de Sitter universe in 
terms of the Robertson- Walker metric. 



II. CRITICAL SCALAR THEORY IN D = 4 
EUCLIDEAN SPACE 

In this section we study scalar field theories in four 
dimensional Euclidean space invariant under rescaling 
transformation x — > x' — Air, A > 0. There are in general 
three scale-free scalar theories: cf> 4 model in D = 4 and 
4> 3 and <fi 6 models in D = 6, 3 respectively. In this paper 
we only study <fi model in D = 4 though the main result 
of this paper can be simply generalized to the other two 
scalar models. The action in Euclidean space is 




where we assume g > 0. Consequently the potential 
V(p) ~ — 4> A and is not bounded from below. The Kro- 
necker delta symbol 6^ stands for the metric of flat Eu- 
clidean space. The corresponding equation of motion is 
a non-linear Laplace equation V 2 + g<f) 3 = 0, where 
Y/2 _ gvg^Q^ One can easily show that for g > 0, a 
solution of the non-linear Laplace equation is 

<M*; (3, a^) = \^ nW ~f rj, (3) 

V g (3 Z + (x — a) 1 

where (x— a) 2 = 8 iiv {x — a)^(x — a) v . [3 and a M are unde- 
termined parameters describing the the size and location 
of (f>o- These moduli are consequences of symmetries of 
the action i.e. invariance under rescaling and translation. 
The information geometry of the moduli space, given by 
Hitchin formula |j 

Qu = lvJ dixCodl ( lo s £ °) dj ( lo s £ °) ' ( 4 ) 

is an Euclidean AdSs space N = 4- J d 4 x£o is a 
normalization constant and Cq = |</>q is the Lagrangian 
density calculated at (f> — </V The moduli a M are present 
since the action is invariant under translation. The ex- 
istence of (3 is the result of invariance under rescaling 

m 

To my knowledge, the solution cf>o is obtained for the 
first time by Fubini. He looked for a solution of the equa- 
tion of motion " in which the vacuum expectation value of 
the field 4>( x ) 1S non- vanishing" He verified that this 
vacua is not invariant under the Poincare group but is in- 
variant under the de Sitter group 0(3, 1). Consequently 
by recasting the action in terms of new fields <j) — 4> — 4>q 
one expects to obtain, after some field redefinitions, a 
scalar theory in de Sitter background. In fact the action 
in terms of <j> is, 

S[ct>]=S[M + S {ree [4>}+S int [4>], (5) 

where S[<po] — J d 4 x£ — and 

S free $ = / d 4 x (Is^d^dJ + \m 2 (x)~A (6) 
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in which, 



M 2 (x) = -Zg(j> 



-24- 



P 2 



{P 2 + (x - 



a) 2 ) 2 ' 



(7) 



These equations show that (f>o is a metastable local min- 
ima of the action. This can also be verified explicitly by 
numerical analysis of action , see ref . . Equation 
© can be used to show that the stability increases as 
(3 — ► oo. In fact if we calculate the variation of action 
at the stationary point </>o (j3) for different values of the 
moduli f3i and /?2, under variation 5(f), from Eas. (|6l7|l one 
verifies that, 

AS = 5S\ Pl - 5S\ fj2 

d A x (MP2) 2 - MPi) 2 ) H 2 + OW 3 ). (8) 



For simplicity we assume that of 
AS* is proportional to, 



0. 



1,2. Therefore 



{Pi - Pi) 



dx 



x z {-x A +f3 2 f3 2 ) 



[Pi 



'{Pi 



(9) 



For 5(f> with compact support, i.e. 5<f> = if\x\ > VA/fe 
the integral above is positive therefore AS ~ (/3 2 — (3 2 ). 
As far as <j>o is a metastable local minima there exist 
5(f> with compact support such that 5S\p i > i = 1,2. 
Consequently if /3i > /?2 then (55)^ > 6S\p 2 > 0. One 
can convince herself/himself that for some 5(f) one obtains 
5S\p 2 < while 5S\ / 3 1 > 0. Consequently one concludes 
that there is a transition /?2 — > /3i induced by say, thermal 
fluctuations. In addition the stability increases as /3 — > 
oo. 

The mass term in Eq.© can be interpreted as interac- 
tion with the background 4>o ■ Now recall that in general, 
by inserting (f> — yjTiif) and 5^ ~ Q^g^i, in the action 
S[(f>] = J d^xhS^d^dv^, one obtains, 



SI 



(I 



[4>] = J d^x^gi-g^d^d^ 
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(10) 



i.e. a scalar theory on conformally flat background given 
by the metric g^ = £1<5 ^ v in which f2 > is an arbitrary 
C°° function. R is the scalar curvature of the background 
and £ = i is the conformal coupling constant. For details 

see or appendix C of 0- Thus, defining (f> = (f>, 
one can show that S'fj.gg^] given in Eq.@ is the action 
of the scalar field (f> on some conformally flat background, 



that the Ricci tensor = Ag^, where A = — ^- > as 
far as > 0. Consequently <f> lives in a four dimensional 
de Sitter space which scalar curvature R = —2m 2 . The 
interacting part of the action, <S m ^[(/>] — J d A x^J\g^ u \C- n -^ 
is well-defined in terms of (f> on the corresponding dS4i 



Ant = ~9\ 



3.9 



3 74 



(13) 



Interestingly after a shift of the scalar field 



the action (JSJ can be written in the dS4 as follows: 



s\. 



d^V\g\ ( \<Td, 



l m ^ 2 - 9 -^ 



(14) 

This is a scalar theory in a de Sitter background with 
reversed Mexican hat potential. In a similar way, by re- 
casting the critical scalar theory minimally coupled to 
f7(l) gauge field in terms of fluctuations around the clas- 
sical solution (f) = 0o and = 0, one verifies that the 
action 



S 



is equivalent to 



d 4 x 



f \<t>f)+S A , 



S = S[(f >0 ]+S$,A fl }+S A , 



(15) 



(16) 



where 



(\ 



d^l-g^D^Dv 



(P* + V((P)\, (17) 



V((f>) — \ (f>\ — | \ (f>\ and Sa is the Kinetic term for 
the gauge field, 

S A = - 



d^xF^Fpjr^™ 



(18) 



F„ v in the first equality above is the field strength in 
Minkowski spacetime. In the second equality F^ v should 
be understood as the field strength on the de Sitter space 
|l l| . It should be noted that under the conformal trans- 
formation g^ v — > f2g M „, in four dimensions A^ — ► A^. 



%<>o ' '] / d 4 x^/\g~\ ( \g» v dj>d v ~$ + \{ZR + m 2 W 



with metric 



5 M „ = fi<$ 



n = 



M 2 (x) 



(11) 



(12) 



III. THE CRITICAL SCALAR THEORY IN 
MINKOWSKI SPACETIME 

The critical scalar theory in four dimensional 
Minkowski spacetime is given by the action 



where m 2 is the mass of (f> (undetermined) and M 2 {x) is 
given m Eq.Q). This result is surprising as one can show 



S[<f>] = 



I \n""<>„' 



(19) 
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where rj^u = — ,~ ; — ) an d 9 > 0. The equation of 
motion is a non-linear wave equation rj^d^d^ip ~~ 50 3 = 
which has the solution 



P 



gp 2 ~(t-a°) 2 + \ 



x — a\ 



(20) 



for simplicity. 

„2 _L R2 



where x S R 3 . Here on we assume 

0o is singular on the hyperbola t 2 = x 2 + l and we 
define its distance to an observer located on the origin to 
be given by 0. The Hamiltonian density H corresponding 
to cj) , is, 



n 



16/3 2 t 2 + x 2 - 2 
g {-t 2 +x 2 +P 2 Y 



(21) 



which tends to infinity in the vicinity of the singularity. 
As is explained in the introduction, using the results of 
section [n] and the arguments after Eq. © , we now that 
the most stable (f>o is the zero-sized one, corresponding to 
— *■ oo. Therefore the singularity is safe when the scalar 
theory is coupled to gravity. For t < one can calculate, 
say, the total vacuum energy H = J d 3 xH. corresponding 
to (f>o which is surprisingly vanishing, H — 0. Repeating 
the calculations of section ITT1 one verifies that observers 
located at the origin of the Minkowski spacetime observe 
a de Sitter space given by the conformally flat metric, 



ds 2 = 



120 2 



1 



A (0 2 - t 2 + x 2 ) 



:(-dt 2 + dx 2 ), 



(22) 



where A > is the cosmological constant. This met- 
ric can be obtained using Ea.Q12[l after a Wick rotation 
t — > it. We use a different set of coordinates in order to 
describe the observed de Sitter space with FRW metric 
to see whether it is open, closed or flat. Defining, coor- 
dinates u, p and Zi, i — 1,2,3 by the relations z 2 = 1, 
t = u cosh p and Xi — u sinh pzi useful to describe the 
timclike region t > \x\, one obtains, 



2 12/3 2 



ds z = 



1 



A (0 2 -u 2 ) 2 



-du 2 + u 2 (dp 2 + sinh p 2 'dz 2 )') 



(23) 



we define a time coordinate r by the relation dr 
(P 2 -u 2 Y du. Thus one obtains, 



- mth -1 - 
itanh" 1 1 



u > 0, 
u < 0, 



(24) 



and 



ds 2 



I2p 2 



-dr 2 



sinh 2 (2/3r) 
4^2 



(dp 2 +sinh 2 pdz 2 ) 



(25) 

One can call the region u < which can be observed by 
observers located on the origin the south pole and the u > 
region the north pole, a known terminology in de Sitter 
geometry. The south pole and north pole in our model 
are separated by the horizon located at u = 0, i.e the 
singularity of 4>q. By normalizing r by the normalization 

factor \J~^0 an d defining a new coordinate r = sinh p, 
one at the end of the day obtains, 



ds 2 



-dr 2 + a(rY 



dr 2 



+ r 2 dz 2 



(26) 



in which a(r) — y j[ sinh y jt. This is the Robertson- 
Walker metric for open de Sitter universe. One can easily 
calculate the energy density p and the pressure p of the 
cosmological stuff corresponding to (j>o using the Fried- 
mann equations for the open universe, 



8ttG 
1" 9 

A-kG 



(p + 3p). 



(27) 



One verifies that p and p satisfy the equation of state for 
the cosmological constant p = —p = A (8irG =1). 
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